On a class of three-variable inequalities

Vo Quoc Ba Can

1 Theorem

Let a, b, ¢ be real numbers satisfying a +b+c¢ = 1. By the AM - GM inequality, we have ab+ bc+ca < %,

therefore setting ab + bc + ca = 1;‘12 (¢ > 0), we will find the maximum and minimum values of abc in
terms of q.
If =0, then a = b = ¢ = %, therefore abc = 3. If ¢ # 0, then (a—b)?+ (b—c)?+ (c—a)? > 0. Consider

the function f(z) = (x — a)(x — b)(z —¢) = 23 — 2% + %x — abce. We have

lfq2

3

f/(x) = 322 — 22 +

1_
i ,and xo = 7q'

3 3

We can see that f'(x) < 0 for 23 < z < 27 and f/'(x) > 0 for < z2 or & > 1. Furthermore, f(z) has
three zeros: a,b, and c¢. Then

whose zeros are r1 =

f(l—q> _0-gPr2g o

3 27
and
1+q\  (1+9)*(1 -2
= — <0.
f ( 3 ) o7 abc <0
Hence ) )
- — )21
(1+¢)*(1 —2qg) < abe < (1-9)*(1+29)
27 27

and we obtain

Theorem 1.1 If a,b, ¢ are arbitrary real numbers such that a + b+ c = 1, then setting
2
ab +be+ ca = 1’3‘1 (¢ > 0), the following inequality holds

1+q?(-2¢) _  _(1-9¢°(1+2q)

27 - - 27

Or, more general,

Theorem 1.2 If a,b, ¢ are arbitrary real numbers such that a + b+ ¢ = p, then setting
2 2
ab+bc +ca = P54 (¢ > 0) and r = abc, we have

(P+a)?*p—2q) - _ (P—a)?(p+2q)

27 27
This is a powerful tool since the equality holds if and only if (@ — b)(b — ¢)(c — a) = 0.

MATHEMATICAL REFLECTIONS 2 (2007) 1



Here are some identities which we can use with this theorem

a2 + b2 + CQ — M
3
a® + b+ =pg® +3r
_p(* — ¢*)
ab(a +b) + be(b+¢) + ca(c+a) = T —3r
2_ 2
(@+b)(b+c)(c+a) = M—r
2 2\2
a2b? + b2c2 + 2a? = (p gq ) — 2pr
2 1 9.2)(p2 — 2
ab(a® 4+ b?) + be(b? + c2) + ca(c? + a?) = (” +2g ;(p ) _ pr
A 2,2 4 944
at + bt = P +8p9q + 2 + 4pr
2 Applications
2.1 Let a,b, c be positive real numbers such that a + b+ c = 1. Prove that
1 1 1
— 4+ — + — 4+ 48(ab + bc + ca) > 25.
a b ¢
Solution. We can easily check that ¢ € [0,1], by using the theorem we have
1—¢? 9(1 2¢%(4q — 1)?
LHS = 1o pip1— gty > 2D g ey s 2B DT oo o

(1—-a)(1+29) (1—q)(1+2q)

The inequality is proved. Equality holds if and only if a = b = ¢ =
permutations.

ora:%,b:c:%andtheir

Wl

2.2 [Vietnam 2002] Let a,b, ¢ be real numbers such that a* +b* 4+ ¢* = 9. Prove that
2(a+ b+ ¢) — abe < 10.
Solution. The condition can be rewritten as p? 4+ 2¢% = 9. Using our theorem, we have

2 —_92 2 2 23
LHS:?p—TSQp—(p+q)2(7p 9) _ p(5q +277)+ ¢

We need to prove that
p(5¢% +27) < 270 — 2¢°.

This follows from
(270 — 2¢°)* > p*(5¢° + 27)?,

or, equivalently,
27(q — 3)%(2¢* + 12¢° + 49¢° + 146¢ + 219) > 0.

The inequality is proved. Equality holds if and only if a = b = 2,¢ = —1 and their permutations.

2.3 [Vo Quoc Ba Can] For all positive real numbers a, b, ¢, we have
b b [ab+b
a—+ " +c+c+a+11 a+c+ca217.
c a b a? 4+ b% + 2
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Solution. Because the inequality is homogeneous, without loss of generality, we may assume that p = 1.
Then ¢ € [0,1] and the inequality can be rewritten as

i PP

>
3r 1+2¢% —
Using our theorem, it suffices to prove
1- 1 —40¢% + 11+ 11
11 C gg- D) A0 lIFLL
1+ 2¢? (1-9)1+2¢) (A—-q)(1+29)

If —40¢® +11¢+11 <0, or ¢ > 11+3v20 , it is trivial. If ¢ < 11+3Vz0 < %, we have

121(1 - ¢*)  (=40¢* + 11g +11)> _ 3¢*(11 — 110g + 255¢> + 748¢" — 1228¢*)
(1+42¢?) (1-¢2(1+29?% (142¢%)(1 —q)*(1 +2¢)?

On the other hand,

11 110 255 748
11 — 110q 4 255¢° + 748¢> — 1228¢* = ¢* (4 -t 5+t —- 1228)
q q q q
11 110 255 748 2435
> ¢ - — 1228 ¢* > 0.
=1 ((2/3)4 @37 " @Br 23 ) 161 E

The inequality is proved. Equality occurs if and only if a = b = c.

4 [Vietnam TST 1996] Prove that for any a,b,c € R, the following inequality holds
4
(a+0)* +(b+c)* + (c+a)t > ?(a4 + 0+ ch).

Solution. If p = 0 the inequality is trivial, so we will consider the case p # 0. Without loss of generality,
we may assume p = 1. The inequality becomes

3¢* +4¢%> + 10 — 108r > 0
Using our theorem, we have
3¢* 4+ 4¢% +10 — 108r > 3¢* +4¢* + 10 — 4(1 — ¢)%(1 +2¢) = ¢*(¢ — 4)* + 2¢* + 6 > 0.
The inequality is proved. Equality holds only for a = b= ¢ = 0.

2.5 [Pham Huu Duc, MR1/2007] Prove that for any positive real numbers a,b, and c,

\/b—l—c \/C—i—a \/a+b> 6a+b+c
o Vabe

Solution. By Holder’s inequality, we have

(205 (zoma) = (52)

3
1 6(a+b+c) 1
(Z a> =T Ve ; 20+ 0)

cyc

It suffices to prove that
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Setting = = %, Yy = 3,2 = 3, the inequality becomes

(x+y+2)° > 6Yzyz(vy +yz + 22) Z

cyc

y+z

or

S 6 §/Tyz(zy +yz + 22)((x + y + 2)% — 2(z + y + 2)(2y + yz + 27) + 3zY2)

xT 23
et GF TG+

By the AM - GM inequality,
(T+y)y+2)(z+z)=(@+y+2)(y+yz+2z) —zyz 2 g(ﬂ?+y+ 2)(xy +yz + zx).
It remains to prove that
dr+y+2)?t > 21Yayz((x +y+2)° =2 +y + 2)(zy +yz + 22) + 3zy2).
Settingp=x+y+z,2y+yz+ zx = L (p > q > 0), the inequality becomes

ap* > 9,3/xyz(p3 + 2pg® + 9xy2).

Applying our theorem, it suffices to prove that

s/ (p — q@)*(p + 2q)

N2
4t > 04 t (p—q) (p+2(1)>7

(p3 + 2pq® + 3

4p* > Y/ (p— 0)*(p + 29)(3p* + 6pa® + (p — @)*(p + 20)).

Setting u = /L > +2q < 1, the inequality is equivalent to

4(2u® + 1)* > 27u? (4u® + 5u® + 2 + 1),

or
)= DT 2T
u?(4ud +5ub +2ud +1) — 4
We have 5 5 5
F(u) = 2(2u3 4+ 1)3(u® — 1)(2u® — 1) (2uS + 2u® — 1)
ud(ud + 1)2(4ub + ud +1)2
s/ V3 -1 1
fluy=0&u= 5 ,oruzs—\/g,oruzl
Now, we can easily verify that
-1 2
f=mind £ ({221 b =2

which is true. The inequality is proved. Equality holds if and only if a = b = c.
2.6 [Darij Grinberg] If a,b,c > 0, then

a® +b* + ¢ + 2abc + 1 > 2(ab + be + ca).
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Solution. Rewrite the inequality as
6r +3+4¢%> —p? > 0.

If 2q > p, it is trivial. If p > 2q, using the theorem, it suffices to prove that
2(p —29)(p +9)°
9

+3+4¢* —p* >0,
or

(p—3)°(2p+3) > 2¢°(2¢ + 3p — 18).
If 2p <9, we have 2q 4+ 3p < 4p < 18, therefore the inequality is true. If 2p > 9, we have

2¢*(2q+3p —18) < 4¢*(2p—9) < p*(2p—9) = (p— 3)*(2p + 3) — 27 < (p — 3)*(2p + 3).
The inequality is proved. Equality holds if and only if a =b=c = 1.
2.7 [Schur’s inequality] For any nonnegative real numbers a, b, c,
a® +b% + & + 3abe > ab(a + b) + be(b + ¢) + ca(c + a).

Solution. Because the inequality is homogeneous, we can assume that a+b+c¢ = 1. Then ¢ € [0, 1] and
the inequality is equivalent to
277’+4q2 —1>0.

Ifg> %, it is trivial. If ¢ < %, by the theorem we need to prove that
(1+9¢)*(1—2¢) +4¢> =1 >0,

or
¢*(1—2q) >0,
which is true. Equality holds if and only if a = b = ¢ or a = b,c = 0 and their permutations.

2.8 [Pham Kim Hung] Find the greatest constant k such that the following inequality holds for any
positive real numbers a,b, c

a’ + b+ 3 k(ab+bc+ca)>§+ﬁ
(a+b)(b+c)(c+a) (a+b+c)2 —8 3
Solution. Fora=b=1+ 3 and ¢ = 1, we obtain k£ < M = kog. We will prove that this is the

desired value. Let kg be a constant satisfying the given inequality. Without loss of generality, assume
that p = 1. Then ¢ € [0, 1] and the inequality becomes
3Br+d®) | ko(l—¢*)
—3r4+1-¢? 3

3 ko
> 4=,
=373

It is not difficult to verify that this is an increasing function in terms of r. If 2¢ > 1, we have

3¢? ko(1—q?) ko .3 ko
VT > >1 _— > = —.
it 3 Sty gty

(since this is an increasing function in terms of ¢ > 1)
If 2¢ < 1, using our theorem, it suffices to prove that

3((1+¢)*(1 — 29) +9¢%) kol1—¢*) _3  k
—(1+¢)2(1 —29) +9(1 — ¢?) + 3 Zst 3
‘We have )
LHS - RiTs = 2 B2V3) (V3 -1-9) (1= 2+3) > 0.

8(q+1)(q —2)?
The inequality is proved, and we conclude that kpyax = ko.
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2.9 [Pham Huu Duc] For all positive real numbers a,b and c,

1 1 1 (a+b+c)? 1 1 1
2 T3 3 < s e T a2 )
a?+bc b2+4+ca A+4ab T 3(ab+bec+ca) \a?+b> b2+ 2H4a

Solution. Because the inequality is homogeneous, we may assume that p = 1. Then ¢ € [0, 1] and by

2\2
the AM - GM and Schur’s inequalities, we have % > 3r > max {0, 17;1‘12 } After expanding, we can

rewrite the given inequality as

f(r) =—486(9 — ¢*)r® +27(¢° + 64¢"* — 35¢ + 24)r* + 9(4¢® — 1)(11¢* — 4¢* + 2)r
+¢°(1—¢*)°(2¢" +84* — 1) > 0.

‘We have

f'(r)
f// (T)

9(—162(9 — ¢*)r* + 6(q° + 64¢* — 35¢% + 24)r + (4¢® — 1)(11¢* — 44> + 2))
54(=54(9 — ¢*)r + ¢° + 64¢* — 35¢° + 24)
54(—2(1 — ¢»)2(9 — ¢%) + ¢° + 64¢* — 35¢% + 24) = 162(¢° + 14¢* + ¢*> +2) > 0.

>

Hence f/(r) is an increasing function.
Now, if 1 < 2gq, then
f(r) = £'(0) = (4¢* = 1)(11¢* — 4¢* +2) > 0.
If 1 > 2q, then
1 —4¢?
27

firy=f (

In any case, f(r) is an increasing function.
If 1 < 2¢q, then f(r) > £(0) = ¢*(1 — ¢*)3(2¢* + 8¢> — 1) > 0, and we are done. If 1 > 2¢, using our
theorem, we have

(1+¢)%(1— 2q)) 1

27 = 72— a)(g+1)*(6g" +4¢* = Tg +4)(5¢° — 29 +2)* > 0.

) = -4 + D2+ 1767 . 6) > 0.

f@zf(

The proof is complete. Equality holds if and only if a = b = c.

2.10 [Nguyen Anh Tuan| Let x,y, z be positive real numbers such that zy + yz + zax + xyz = 4. Prove
that

T+y+z 1 9 9 9
A I _ _ _ .
S () 2 )

Solution. Since x,y,z > 0 and xy + yz + za + xzyz = 4, there exist a,b,c¢ > 0 such that z = %,y =

26, _ 2 : :
T i = The inequality becomes

(@a+0b+c)? Z:Cyc(a2 — b%)? B 6 cycala+b)(atc)
(a+0)2(b+c)%(c+ a)? > eyeabla+b)

P(a,b,c) = +12 > 0.

Because the inequality is homogeneous we can assume that p = 1. Then ¢ € [0,1] and after some
computations, we can rewrite the inequality as

f(r) =729r% 4 27(22¢% — 1)r? + 27(6¢* — 4¢* + 1)r + (¢*> — 1)(13¢* — 5¢*> +1) < 0.

We have
f/(r) = 27(r(81r + 44¢* — 2) + 6¢* — 4¢* + 1).
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By Schur’s inequality,
81r 4 44¢% — 2> 3(1 — 4¢*) + 44¢*> — 2 =1+ 32¢*> > 0.
Hence f/(r) > 0, and f(r) is an increasing function. Then by our theorem we have

(1—9)*(1+29) 2
o< (Um0 020) 2,

The inequality is proved. Equality holds if and only if x =y = 2.

¢*(¢— 1)(q+2)* (4" + 14¢® + 15¢° — 7q + 1) < 0.

2.11 [Nguyen Anh Tuan] For all nonnegative real numbers a, b, c

V(a2 —ab+02) (b2 — be + )41/ (b2 — be + ¢2)(c2 — ca + a2)++/ (2 — ca + a?) (a2 — ab + b2) > a®+b% 42

Solution. After squaring both sides, we can rewrite the inequality as

[T(a* - ab+b2) (Z m) > (Z ab) <Z a2> a0

cyc cyc cyc cyc cyc

By the AM - GM inequality,

Va2 — ab -+ b2

It suffices to prove that

(a+0b), V2 —bc+c?2>—--(b+c),\V/c?—ca+a?>

(c+a).

N | =
N —

1
2

2 [T](a? - ab+1?) (Za) > (Zw) (Zﬁ) =) a’’

cyc cyc cyc cyc cyc

Because this inequality is homogeneous, we can assume p = 1. Then ¢ € [0,1] and the inequality is
equivalent to

2\/—727°2 +3(1 —10¢%)r + ¢%(1 — ¢?)% > 6r + q2(1 — q2),

or
f(r) =324r% —12r(¢* — 116> +1) — ¢*(4 — ¢*)(1 — ¢*)* < 0.

It is not difficult to verify that f(r) is a convex function, then using our theorem, we have

fr) < max{f@)vf (“‘”QW)}

Furthermore,

F0)=—*(4 = ¢*)(1 - ¢*)* <0,
1

! <(1_q)2(7+2q)) 50° (@ =1 (a+2)(9¢° +9+2) <0,

Our proof is complete. Equality holds if and only if a =b = c or
a=1t2>0,b=c=0, and their permutations.

Vo Quoc Ba Can: Can Tho University, Vietnam
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